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$M$ Riemann , $f$ : $Marrow \mathbb{R}^{3}$ . $f$
, $f$ .
$f$ : $Marrow \mathbb{R}^{3}$ . , $\lambda l$ $\gamma(\gamma\geq 0)$
Riemann $\overline{\Lambda I}_{\gamma}$ $\{p_{1}, \ldots,p_{n}\}(n\geq 1)$
([H]). , ,
$\Lambda I=\overline{\Lambda I}_{\gamma}\backslash \{p_{1}, \ldots,p_{n}\}$ $(\gamma=0,1,2, \ldots, n=1,2, \ldots)$
. $p_{1},$ $\ldots ip_{n}$ .
, .
1.1 (Weierstras [O]). $M=\overline{M}_{\gamma}\backslash \{p_{1}, \ldots,p_{n}\}$





(P) $\ell\in\pi_{1}(M)$ ${\rm Re} \oint_{\ell}\Phi=0$
,
(1.2) $f={\rm Re} \int_{zo}^{z}\Phi:Marrow \mathbb{R}^{3}$ $(z_{0}\in\Lambda I)$
, ( ) .
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. $g,$ $\eta$ $\overline{M}_{\gamma}$ .
12. (P) , .
(1.3) $\oint_{\ell}\eta=\overline{\oint_{\ell}g^{2}\eta}$
(14) ${\rm Re} \oint g\eta=0$
$\ell\in\pi_{1}(M)$ .
(12) $ds^{2}$
$ds^{2}=(1+|g|^{2})^{2}\eta\eta$ , $I=-\eta dg-\overline{\eta dg}$
. , $g$ : $\Lambda Iarrow \mathbb{C}\cup\{\infty\}$ Gauss $G:Marrow S^{2}$
$\sigma$ : $S^{2}arrow \mathbb{C}\cup\{\infty\}$ :
$g=\sigma\circ G$ .
, $g$ Gauss . $g$ $\overline{M}_{\gamma}$
, Riemann $\overline{\lambda f}_{\gamma}$ Riemann
$\mathbb{C}\cup\{\infty\}$ , $g$ $\deg(g)$ .
.
1.3 (Osserman , $[O$ , JM, Sc]). $f$ : $Marrow \mathbb{R}^{3}$




1.4 ( $\deg(g)$ ). Gauss $K$
, $Af$ $\tau(M)$ ,
$\tau(\Lambda I)=\int_{M}(-K)dA$
. , $(-K)ds^{2}$ , $g$ $\mathbb{C}\cup\{\infty\}$ Fubini-Study (








, $($ 1.6 $)$ Osserman .
.
$n\geq 3$ , , 3 , (1.6)
( 1.1 ).
$*-=.\cdot\backslash$.
$p*....arrow- a$ $v_{\backslash }^{*}$
$g_{bA}\sim\simPhi^{*}$ $^{t}-J_{*}--$
$(\gamma, n)=(O, 7)$ $(\gamma, n)=(1,4)$ $(\gamma, n)=(2,4)$ $(\gamma, n)=(14,3)$
1.1. $n\geq 3$ (1.6) .
, [JM], $[BR]i$ [Wo], [HM] .
$n=1$ , (1.6) $\deg(g)=\gamma$
, $\gamma$
(17) $\deg(g)=\gamma+1$
([Sa, WW], 12 ).
$\gamma=0$ $\gamma=1$ $\gamma=2$ $\gamma=3$
Enneper Chen-Gackstatter Thayer-Sato
12. $n=1$ (1.7) .
, $n=2$ , . , .
1.5 (Schoen [Sc]). 2 $f:M=\overline{JI}_{\gamma}\backslash$







16. $\gamma$ , 2 $f$ : $M=$
$\overline{\Lambda f}_{\gamma}\backslash \{p_{1},p_{2}\}arrow \mathbb{R}^{3}$ (18) .
$0$ , . ,
$([$L$]$ , L3 $)$ .
$–=:_{-}^{\backslash _{-\not\leq_{\nu^{\wedge}}’}^{:}}..==*\ldots\ldots.\ovalbox{\tt\small REJECT}_{:^{t_{:_{4_{J}^{+}}}^{-}}}^{1_{\lrcorner \mathfrak{B}_{s_{f}^{\phi}}^{r_{k}i^{:}}}}:^{\cdot\Gamma}{}^{t}ta_{\theta}...\cdot\cdot=.$
1.
$\cdot\cdot\cdot$
13. $\gamma=0$ . 2 .
, 1 , .
) .
. $\gamma$ 1 , 2 $f$ :




, $\overline{M}$ 1 Riemann .
$M=M\backslash \{(0,0), (\infty, \infty)\}$
. $(z, w)=(O, 0)$ $(z, w)=(\infty,$ $\infty)$ .
$g=c?l)$ $(c\in \mathbb{C})$ , $\eta=\frac{dz}{z^{2}w}$ .
, (1.1) $AI$ Riemann ( 2.1 ).
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2.1. $g,$ $\eta$ .
(1.2) (P) ,
$c\in \mathbb{C}$ .
, $g\eta=(c/z^{2})dz=-c\cdot d(1/z)$ $\Lambda,\prime f$ ,
$\ell\in\pi_{1}(\Lambda f)$
$\oint_{\ell}g\eta=0$
. ) $\ell\in\pi_{1}(M)$ (1.3)
. .
2.1 ( ). 2 $\kappa_{j}$ : $\overline{M}arrow\overline{Jl}(j=1,2)$
.
$\kappa_{1}(z, w):=(\overline{z},\overline{w})$ , $\kappa_{2}(z_{7}w):=(-z, iw)$ .
, .
$\kappa_{1}^{*}\Phi=(\begin{array}{lll}l 0 00 -l 00 0 1\end{array})\overline{\Phi}$, $\kappa_{2}^{*}\Phi=(\begin{array}{ll}0 10-l 000 0-l\end{array})\Phi$ .
, 2.1 $\ell$ } (1.3) $c\in \mathbb{C}$
.
2.1. $\ell\in\pi_{1}(II)$ $z$- .
$\eta,$
$g^{2}\eta$ $z=0$ , $\ell\ovalbox{\tt\small REJECT}$
$[0,1]$ . , .
22. 2 .
$\frac{dz}{z^{2}w}-\frac{2}{3}d(\frac{\uparrow 1)}{z^{2}})=\frac{dz}{3w}$ , $\frac{w}{z^{2}}dz+2d(\frac{w}{z})=\frac{2z}{w}dz$.
80
$\oint_{\ell}\eta=\oint_{\ell}\frac{dz}{3w}$ , $\oint_{\ell}g^{2}\eta=c^{2}\oint_{\ell}\frac{2z}{w}dz$
, , $(1/3w)dz$ $(2z/w)dz$ $\overline{J\mathfrak{h}/[}\backslash \{(\infty, \infty)\}$ 1
, $\ell$ $[0,1]$ . ) $c\in i\mathbb{R}$
$c^{2}= \frac{\overline{\oint_{\ell}\frac{dz}{3wz_{d}}}}{\oint_{\ell}\frac{2}{w}z}=\frac{-\frac{1}{3}\int_{0}^{1}\frac{}{\sqrt{t^{2})}\ulcorner_{dt}}}{2\int_{0}^{1}\frac{t(1-tdt}{1-t^{2}}}$
, (1.3) , $f$ $\Lambda l$ ( 22
).




$\overline{M}=\overline{M}_{\gamma}=\{(z, w)\in(\mathbb{C}\cup\{\infty\})^{2}$ $w^{k+1}=z^{2}( \frac{z-1}{z-a})^{k}\}$ $(1<a<\infty)$
81
, Riemann-Hurwitz ,
$\gamma=\{\begin{array}{ll}k ( k \text{ }),k-1 ( k \text{ })\end{array}$
. $\gamma$ ( 3.1 ).
$arrow$
$arrow$
3.1. $\overline{\Lambda\cdot I}$ . $k=2$ , $k=3$
. 2 .
$M=\overline{M}_{\gamma}\backslash \{(0,0), (\infty, \infty)\}$
. $(z, w)=(0,0)$ $(z, w)=(\infty, \infty)$ .
$g=cw$ , $c=a^{(k-2)/(2k+2)}\in \mathbb{R}_{>0}$ , $\eta=\frac{dz}{z^{2}\cdot\omega}$ .
, (1.1) $M$ Riemann ( 3.1 ).
3.1. $g,$ $\eta$ .
, $g$ , $k\geq 2$ $k+2$ . $k$ ,




, $g\eta=(c/z)dz=c\cdot d(\log z)$ , $c\in \mathbb{R}$ , $\ell\in\pi_{1}(\Lambda’I)$
$Re.\oint_{\ell}g\eta=0$
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. , $\ell\in\pi_{1}(M)$ (1.3)
. .
3.1 ( ). 3 $\kappa_{j}$ : $\overline{\Lambda l}arrow\overline{M}(j=1,2,3)$
.
$\kappa_{1}(z, w)=(\overline{z},\overline{w})$ , $\kappa_{2}(z, w)=(z,$ $e^{2\pi i/(k+1)}w)$ ,
$\kappa_{3}(z, w)=(\frac{a}{z},$ $\frac{1}{a^{(k-2)/(k+1)}w})$ .
, .
$\kappa_{1}^{*}\Phi=(\begin{array}{lll}1 0 0 0-l 0 00 l\end{array})\overline{\Phi}$, $\kappa_{2}^{*}\Phi=(\begin{array}{lll}cos\frac{2\pi}{k+l} -sin\frac{2\pi}{k+l} 0sin\frac{2\pi}{k+1} cos\frac{2\pi}{k+l} 00 0 1\end{array})\Phi$ ,
$\kappa_{3}^{*}\Phi=(\begin{array}{ll}10 00-l 000 -l\end{array})\Phi$ .
, 32 $\ell_{1},$ $\ell_{2}$ (1.3) $a\in(1, \infty)$
.
32. $l_{1},$ $P_{2}\in\pi_{1}(\Lambda l)$ $z$- . $\ell_{1}$ $(k+1)$
.
$l_{2}$ . , $\eta_{)}g^{2}\eta$ $[$ 1, $a]$
.
$\frac{\overline{\oint_{\ell_{2}}\eta}}{\oint_{\ell_{2}}g^{2}\eta}=\frac{\overline{\oint_{\ell_{2}}\frac{dz}{zw}}}{c^{2}\oint_{f_{2}}\frac{w}{z}dz}=\frac{a^{(k-2)/(k+1)}}{c^{2}}$
, $c^{2}=a^{(k-2)/(k+1)}$ , $\ell_{2}$ (1.3) .









, $\ell_{1}$ } $[0,1]$ ,
.
33. $\ell_{1}\in\pi_{1}(M)$ (1.3) ,
(3.1) $kA_{1}+2a^{(k-2)/(k+1)}A_{3}-A_{2}=0$
. ,
$A_{1}= \int_{0}^{1}\frac{(1-t)^{1/(k+1)}}{t^{2/(k+1)}(a-t)^{1/(k+1)}}dt$ , $A_{2}= \int_{0}^{1}\frac{(a-t)^{k/(k+1)}}{t^{2/(k+1)}(1-t)^{k/(k+1)}}dt$ ,
$A_{3}= \int_{0}^{1}\frac{(1-t)^{k/(k+1)}}{t^{(k-1)/(k+1)}(a-t)^{k/(k+1)}}dt$ .
(3.1) $a\in(1, \infty)$ .
3.4. $A_{1},$ $A_{2},$ $A_{3}$
$B(x, y)= \int_{0}^{1}t^{x-1}(1-t)^{y-1}dt$ $({\rm Re} x>0, {\rm Re} y>0)$
.
$\frac{1}{a^{1/(k+1)}}B(\frac{k-1}{k+1},$ $\frac{k+2}{k+1})\leq A_{1}\leq\frac{1}{(a-1)^{1/(k+1)}}B(\frac{k-1}{k+1},$ $\frac{k+2}{k+1})$ ,
$(a-1)^{k/(k+1)}B( \frac{k-1}{k+1},$ $\frac{1}{k+1})\leq A_{2}\cdot\leq a^{k/(k+1)}B(\frac{k-1}{k+1},$ $\frac{1}{k+1})$ ,
$\frac{1}{a^{k/(k+1)}}B(\frac{2}{k+1’}\frac{2k+1}{k+1})\leq A_{3}\leq\frac{1}{(a-1)^{k/(k+1)}}B(\frac{2}{k+1},$ $\frac{2k+1}{k+1})$ .
, $aarrow\infty$
$A_{1} \leq\frac{1}{(a-1)^{1/(k+1)}}B(\frac{k-1}{k+1}\frac{k+2}{k+1})arrow 0$ ,
$a^{(k-2)/(k+1)}A_{3} \leq\frac{a^{(k-2)/(k+1)}}{(a-1)^{k/(k+1)}}B(\frac{2}{k+1}\dot{\partial}\frac{2k+1}{k+1})arrow 0$ ,
$A_{2} \geq(a-1)^{k/(k+1)}B(\frac{k-1}{k+1},$ $\frac{1}{k+1})arrow+\infty$ .
84
, (3.1) . , $aarrow 1$ ,


















35. $k$ 3 , (P) $a\in(1, \infty)$
. $k-1,$ $\deg(g)=k+2$
, $($ 1.8 $)$ $($ 34 $)$ .
$k=3$
$k=5$
3.4. $k-1$ 2 , $\deg(g)=k+2$
. $xy$
. .
36. , $f$ $\{(z, w)\in\Lambda I||z|=\sqrt{a}\}$
( 33 34 ) ,
, .
, ,
. , , Bj\"orling
.
4.
$\gamma$ 3 , 2 $f$ : $M=$
$\overline{\Lambda l}_{\gamma}\backslash \{p_{1},p_{2}\}arrow \mathbb{R}^{3}$ (18)
. , Matthias Weber Mathematica
.
4.1 (Weber [We]). $\gamma\in N$ .




. $\overline{Jl}$ $\gamma$ Riemann .
$M=\overline{\Lambda I}\backslash \{(0,0), (\infty, \infty)\}$ , $g=c \frac{w}{z+1}$ $(c>0)$ , $\eta=\frac{(z+1)^{2}}{zw}dz$
. , $c,$ $a_{2},$ $a_{3},$
$\ldots,$ $a_{2\gamma}$ (P) ( 41
$)$ .
$\gamma=1$ $\gamma=2$ $\gamma=3$ $\gamma=4$
4.1. Weber , $\gamma$ 2 ,
$\deg(g)=\gamma+2$ .
$\gamma=1$ , ,
, $\gamma$ 2 .
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